
1st year Bachelor’s degree in Mathematics
2025-2026, Semester 1 Series 2: Sequences of real numbers Course: Analysis 1

Exercise 1 –
1. Binomial theorem. Show by induction that :

∀x, y ∈ R, ∀n ∈ N

(x + y)n =
n∑

k=0
Ck

nxn−kyk where Ck
n = n!

k!(n − k)! .

2. Show by induction that ∀a ∈ R, a ̸= 1, ∀n ∈ N
n∑

k=0
ak = 1 − an+1

1 − a
.

Exercise 2 –
1. Using the definition of the limit, show that

lim
n→+∞

2n + 1
n + 2 = 2, lim

n→+∞
n
√

9 = 1, lim
n→+∞

ln(1 + n2) = +∞.

2. Calculate the limit of the following sequences

un =
1

2n − 1
5n

2n + 1 , un =
n∑

k=1

1
2k

, un = n sin(n)
n2 + 1 ,

un = n2

(√
3 − 2

n
−

√
3
)

.

Exercise 3 – Suppose that (xn) and (yn) are convergent se-
quences of real numbers with the same limit l. Show that if (zn) is
a sequence such that

xn ≤ zn ≤ yn, ∀n ∈ N

then, (zn) also converges to l.

Application. Prove that the un =
n∑

k=1

[
k
2
]

n2 is a convergent sequence

and find its limit.

Exercise 4 – Let (un) be the recurrent sequence{
u1 = 1

2
un+1 = 1

2 (u2
n + 1), n ∈ N.

1. Show by induction that for all n ∈ N : 0 < un < 1.
2. Study the nature of the sequence.

Exercise 5 – Let a, b be real numbers such that 0 < a < b.
Define the sequences (un) and (vn) by

u1 = a, v1 = b

un+1 = √
un.vn

vn+1 = 1
2 (un + vn), n ∈ N.

Prove that the sequences (un) and (vn) are adjacent.

Exercise 6 –
— Show that An =

n∑
k=1

1
k2 is a Cauchy sequence.

— Show that Bn =
n∑

k=1

1
k

is not a Cauchy sequence.

Exercise 7 – Show that the sequence un = sin
(

nπ
3
)

has no limit.
Hint : use the subsequences u3n and u6n+1.

Exercise 8 – Let (an) be the sequence

an = (−1)nn

n + 5 , n ∈ N.

Calculate the lim inf
n→+∞

an and lim sup
n→+∞

an. Deduce an information on

Ad(an).

Supplementary exercises

Exercise 9 – Show that if (xn) is a sequence that converges to
zero then the sequence (x2

n) also converges to zero.

Exercise 10 – Let (yn) be the real sequence defined by

y1 = 1
2 , yn+1 = y2

n + 3
16 , ∀n ∈ N.

1. show that ∀n ∈ N we have 1
4 < yn <

3
4 .

2. Is the sequence monotonic ? Deduce its nature.
3. Find inf {yn; n ∈ N} and sup {yn; n ∈ N}.

Exercise 11 – Prove that the recurrent sequence defined by

u1 = 1, un+1 =
√

u2
n + 1

2n

is a Cauchy sequence.

Exercise 12 – Let a, b be positive real numbers. Let

u1 = a, v1 = b

and for all n ∈ N
2

un+1
= 1

un
+ 1

vn
and vn+1 = 1

2 (un + vn) .

Show that the sequences (un) and (vn) are adjacent.

Exercise 13 – Find the limit of the sequences

un =
(

1 + 1
n

)n

, un = n ln
(

1 − 1
n2

)
, un = n

√
n+1

(n + 1)
√

n
.

Exercise 14 – Find the lim inf
n→+∞

an and lim sup
n→+∞

an where

an = nsin( nπ
2 ), n ∈ N.


