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Exercise 1 —

1. Binomial theorem. Show by induction that :
Ve,y € R,Vn € N

n!

(x+y)" W=

ZCk n=kyk where C* =
k=0

2. Show by induction that Va € R,a # 1,Vn € N
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Exercise 2 —
1. Using the definition of the limit, show that

2 + 1
lim =t V9 =1,

n—+oo n + 2

=2, lim

n—)oo

+00.

lim In(14n?) =
n—r—+0oo

2. Calculate the limit of the following sequences

1 1 :
y — 27 5% _ ii - nsin(n)
"ol Logii g n? + L

u—n<m¢§>

Exercise 3 — Suppose that (z,) and (y,) are convergent se-
quences of real numbers with the same limit /. Show that if (z,) is
a sequence such that

Tn < zp < Yn,Vn € N

then, (z,) also converges to I.
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Application. Prove that the u, = >_ %
k=1 T

is a convergent sequence

and find its limit.

Exercise 4 — Let (u,) be the recurrent sequence

uy =
Un+1

1. Show by induction that for alln € N: 0 < u,, < 1.
2. Study the nature of the sequence.

|| wol=

1(u?+1),neN.

Exercise 5 — Let a,b be real numbers such that 0 < a < b.
Define the sequences (u,) and (v,) by

uy =a,v;1 =b

Up4+1 = /Up-Up,

Unt1 = 5(un +v,),n €N.

Prove that the sequences (u,) and (v,) are adjacent.

Exercise 6 — w1
— Show that A,, = 12—31? is a Cauchy sequence.

no1
— Show that B, = Y — is not a Cauchy sequence.
k=1

Exercise 7 — Show that the sequence u,, = sin (%) has no limit.
Hint : use the subsequences us,, and ugn4+1-

Exercise 8 — Let (a,) be the sequence

(=1)"n

N.
nt 5 ,n e

n =

Calculate the liminfa,, and lim supa,,. Deduce an information on
n—-+oo n——+oo
Ad(ay).

Supplementary exercises

Exercise 9 — Show that if (x,) is a sequence that converges to
zero then the sequence (22) also converges to zero.

Exercise 10 — Let (y,) be the real sequence defined by

1 3
Y1 =5 Ynt1 = +E vn € N.
1 3
1. show that Vn € N we have 1 <Yn < 1

2. Is the sequence monotonic 7 Deduce its nature.
3. Find inf {y,;n € N} and sup {y,;n € N}.

Exercise 11 — Prove that the recurrent sequence defined by

1
ulzl,unH: U +27

is a Cauchy sequence.

Exercise 12 — Let a, b be positive real numbers. Let
uy =a,v1 =b

and for alln € N

2 1 1
=—+ —and v41 =
Uy Up

1
Un+1 5 (un M Un) .

Show that the sequences (u,) and (v,) are adjacent.

Exercise 13 — Find the limit of the sequences

Al (12 e
= - yup=nln(l—-—= |, up=—-—.
n n? (n+1)vn

Exercise 14 — Find the liminfa,, and lim supa,, where
n—+00 n——+oo

ap = nsm(%),n eN.




