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General Information

o Course: Advanced Probability
e Unit: Fundamental

e Credits: 6

o Coefficient: 4

» Prerequisites: Real Analysis (1,2,3), Probability 1

Objectives

This course provides a detailed study of the main concepts and methods of probability,
including;:

o Probability of events

o Laws and moments of random variables
o Conditioning and regression

o Transforms of random variables

e Gaussian distributions



Course Outline

Motivation

The real world is full of uncertainty. Weather, measurement errors, financial markets,
genetics, and even everyday decisions all involve randomness. Probability theory pro-
vides the mathematical framework we need to model and analyze this uncertainty. It
allows us to make predictions, quantify risks, and build models that are used in fields as
diverse as science, engineering, economics, and data science.

In this module, we will study the foundations of probability at an advanced level, with
the goal of developing both intuition and rigorous mathematical tools.

1. Fundamental Review on Random Variables

Just like in algebra or calculus, we deal with variables that take specific values. In
probability, however, we work with random variables, which do not take a fixed value,
but instead have a probability of taking certain values.
Each random variable has important numerical characteristics, such as the mean
and the standard deviation. These parameters already tell us a lot about the distribution.
We will also study several key distributions, each describing different kinds of events:

o Bernoulli distribution: models a system with two outcomes (e.g., heads/tails,
success/failure).

e Binomial distribution: the sum of independent Bernoulli random variables. This
distribution is very important and widely used.

« Normal (Gaussian) distribution: one of the most important distributions in
probability and statistics, used in many fields.

o Poisson distribution: models the number of occurrences of rare events in a fixed
time or space interval.

o Exponential distribution: describes waiting times between events in a Poisson

process.

2. Functions of Random Variables

We will then study important functions of random variables:
o Expectation, variance, and standard deviation,
o Moment generating functions (MGFs),

e Characteristic functions.

3. Modes of Convergence

Different types of convergence for sequences of random variables will be introduced, and
the relationships between them will be studied.



4. Limit Theorems

This part covers the cornerstone results of probability:

» Weak Law of Large Numbers (WLLN),
« Strong Law of Large Numbers (SLLN),
o Central Limit Theorem (CLT).

The CLT is particularly important: it tells us that if we take a large number of indepen-
dent random variables and look at their average, then this average behaves approximately
like a Gaussian random variable, regardless of the original distribution.

5. Random Vectors
Finally, we extend the theory to random vectors:

« Probability laws of random vectors,

« Numerical characteristics (expectation, covariance matrix),
e Moment and characteristic functions,

o Conditional expectation,

e Multivariate normal distribution,

o Convergence and the multivariate Central Limit Theorem.

Review of Basic Concepts

Sample Space: The set of all possible outcomes of an experiment is called the sample
space, denoted by €.
Probability of an event:

P(A)

number of ways A can happen

~ total number of possible outcomes

Examples:
e Coin flips: If I flip a coin twice,
Q={HH,HT,TH, TT}

Let A = "at least one head". Then A= {HH,HT,TH} and P(A) =3/4. Let B =
'no heads'. Then B = {TT} and P(B) = 1/4.

e Dice rolls: If I roll two dice, then
Q={11,12,...,66}, |Q| =36
Let A = "at least one die is a 5". Then
A = {15,25,35,45,55,65,51,52,53,54,56}, |A] =11,
so P(A) =11/36.



Axioms of Probability:
1. 0 < P(F) <1 for any event F,
2. P(Q) =1,

3. For any sequence of mutually exclusive events Ey, Fs, . . .,
i=1 i=1

Conditional Probability and Independence

Conditional Probability: Given two events A and B with P(B) > 0, the conditional
probability of A given B is defined as

P(ANB)

PAIB) = =55

Example: Suppose we roll a fair die. Let
A = {even number} = {2,4,6}, B = {number greater than 3} = {4,5,6}.

Then
P(ANB) = P({4,6}) = %, P(B) = %,
P(A|B) = ZS = %

Independence of Events

Definition: Two events A and B are said to be independent if
P(ANB)=P(A)- P(B).

Example: Flip two fair coins. Let A = “first coin is heads” and B = “second coin is

heads.” Then
P(A)=P(B)=3 P(ANB)=P{HH})=1.

Since P(AN B) = (1/2)(1/2), the events A and B are independent.

Generalization: A collection of events 1, F», ..., E, is called mutually independent
if, for every subset {iy,...,ix} C{1,...,n},

PE,N---NE;,)=PE;,) - P(E;,).

Remark 0.1. Disjoint means two events cannot occur together, i.e., ANB = &.
Independent means the occurrence of one does not affect the probability of
the other; the events may still happen together.



From Events to Random Variables

So far, we have described uncertainty in terms of events within a sample space and
assigned probabilities to these events. However, in practice, we often want to associate
numbers with outcomes in order to perform calculations, compute averages, and apply
mathematical tools.

This brings us to the notion of a random variable: a measurable function that assigns
a real number to each outcome of the experiment. In other words, random variables
translate the abstract language of outcomes and events into the numerical framework of
mathematics.

Example: If the experiment is flipping a coin once, the sample space is

2 = {Heads, Tails}.
Define a random variable X by
X (Heads) =1, X(Tails) =0.

Here, X converts qualitative outcomes (Heads/Tails) into quantitative values (1/0) that
we can analyze with probability tools.

Definition of a o-algebra

A collection F of subsets of a sample space 2 is called a o-algebra if:
1. Qe F,
2. If Ae F, then A¢ € F,
3. It Ay, Ay, --- € F, then U2, A, € F.



Chapter 1

Fundamental Review on Random
Variables

1.1 Introduction

The world around us is full of uncertainty, and probability is the mathematical tool we use
to describe and analyze it. We cannot predict events like weather, measurement errors,
or financial markets with certainty, but we can model their likelihood. In this course, we
will learn how to turn uncertainty into something we can measure and work with.

Probability theory provides the mathematical framework for modeling uncertainty.
Random variables and their probability distributions constitute the central tools of this
framework. In this chapter, we review the essential notions that will serve as the foun-
dation for advanced probability: numerical characteristics of random variables, common
probability laws, and operations involving random variables.

1.1.1 Random Variables and Probability Laws
Simple Intuitive Definition

A random variable is just a rule that assigns a number to every possible outcome of an
experiment.

Example 1.1. If the experiment is flipping a coin:

B {1 if the outcome is Heads,

0 if the outcome is Tails.
Here, X is a random variable because it turns outcomes (Heads/Tails) into numbers
(1/0).
Definition 1.1 (Random Variable). A random variable is a measurable function
X :(Q,F,P)—R,
where

o () is the sample space (the set of all possible outcomes),

o Fis a o-algebra of events (the collection of subsets of ) on which probabilities are
defined),



o P is the probability measure.

We denote by
(X=2)={we : X(w) =z}

for simplicity.
o If X takes only finitely or countably many values, it is called discrete. Examples:
— Flip a coin 4 times. The sample space is
Q={HHHH,HHHT,HHTH,..., TTTT}.
Define X as the number of heads. Then
X €{0,1,2,3,4},

which is a finite set.

— Number of arrivals in a queue:
X €{0,1,2,3,...},
which is countable.

o If X takes values in an interval of R with a density, it is called continuous. Exam-
ple: The height of students in a classroom can be modeled as a continuous random
variable.

Definition 1.2 (Probability Law). The probability law (or distribution) of a random
variable X is the probability measure Px defined on R by

Px(B) =P(X € B), B e B(R),
where B(R) denotes the Borel o-algebra of R.
Equivalently:

o For a discrete random variable X, the law is described by its probability mass
function (pmf):
plz)=P(X =z), zeR.

e For a continuous random variable X, the law is described by its probability
density function (pdf) f(x), satisfying

b
P(agxgb)z/ flx)dz, a<b.

a

Definition 1.3 (Cumulative Distribution Function). The cumulative distribution func-
tion (cdf) of X, denoted F, is defined for all x € R by

F(z)=P(X <x).
Thus, F(x) gives the probability that X takes a value less than or equal to x.
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Notation: We will write X ~ F to mean that F is the distribution function of X. All
probability questions about X can be answered in terms of its cdf F'.

Remark:

o If X is discrete with pmf p(z), then

F(a) =) _p(x).

o If X is continuous with pdf f(z), then

Fla) = /_“OO f(z) dz.

1.2 Numerical Characteristics

Definition 1.4 (Expectation). The expectation (or mean) of a random variable X is
defined by
E[X] =Y xp(z), (discrete case),

E[X] = /OO xf(x)dx, (continuous case),

provided the sum or integral is absolutely convergent.

”

Remark 1.1. The expectation represents the “average value” or the “center of gravity
of the distribution. It is also called the first moment. Intuitively, it tells us the long-run
average outcome if the experiment is repeated many times.

Howewver, expectation alone is not sufficient to fully describe a distribution. For exam-
ple, two distributions can have the same expectation: one may be unimodal while another
is bimodal. In such cases, we need an additional measure to capture the spread of the
distribution—this is given by the variance or the standard deviation.

Definition 1.5 (Variance and Standard Deviation). The variance of X is
Var(X) = E[(X — E[X])?].

An equivalent formula is
Var(X) = E[X?] — (E[X])*.

The variance o? is related to the second moment and measures the average squared

deviation of X from its mean p = E[X]. The standard deviation is defined as

SD(X) = /Var(X),

and represents the spread of the distribution in the same units as X.

Definition 1.6 (Higher Moments). The k-th (raw) moment of X is
i, = E[X"].

The k-th central moment is
e = E[(X — E[X])"].

8



Remark 1.2. Taken together, higher-order moments serve as a kind of “fingerprint” of
the distribution. Two important shape measures are:

o Skewness: v, = ’u—z,
g

. Ha
* Kurtosis: 7, = —,
o

of the tails.

which measures the asymmetry of the distribution.

which measures the concentration of mass and the heaviness

Normal Distribution: 68-95-99 Rule

T

04

Density
0.2
L

0.1

Figure 1.1: Normal distribution curve with mean p and variance 0. Shaded areas (e.g.,

p + o) correspond to probabilities such as P(u — o0 < X < pu+0) = 0.68, P(un — 20 <

X <pu+20)=0.95 and P(p— 30 < X < pu+ 30) ~ 0.997.

Remark 1.3 (68-95-99 Rule for the Normal Distribution). Let X ~ N (u,0?). Then:
Plpu—0o<X<pu+o)=0.68,

P(p—20 < X < p+20)~0.95,
P(u—30 <X < pu+30) ~0.997.

Example 1.2. Suppose the heights of students are Normally distributed with mean p =
170 ¢cm and standard deviation o = 10 cm.

o About 68% of students are between 160 ¢cm and 180 cm.
o About 95% of students are between 150 ¢m and 190 cm.

o Almost all (99.7%) students are between 140 c¢cm and 200 cm.

9



1.3 Main Probability Distributions

Discrete Distributions

« Bernoulli distribution: X ~ Bernoulli(p), with
P(X=1)=p, P(X=0)=1—p.

Expectation: E[X] = p, Variance: Var(X) = p(1 —p). A Bernoulli random
variable X can take two values: 0 (event does not happen) or 1 (event happens).
Examples: coin flip (Head = 1, Tail = 0), dice roll (six = 1, otherwise = 0).

o Binomial distribution: X ~ Bin(n,p), with

P(X =k)= (Z)pk(l —p)" %, k=0,...,n

Expectation: E[X] = np, Variance: Var(X) = np(l — p). If n independent
Bernoulli trials are performed (B, ..., B,), then X = By + -+ + B, ~ Bin(n, p).

» Poisson distribution: X ~ Poisson()), with

NG
k!’

Expectation: E[X]| =\, Variance: Var(X) = A. The Poisson distribution can be
obtained as an approximation of the Binomial distribution when n is large and p is
small. It is extremely useful for modeling rare events such as accidents, catastrophes,
or defective items in a factory.

P(X =k)=e k=0,1,2,...

o Geometric distribution: The probability that the first success occurs on the n-th
trial is
P(X=n)=(1-p)"'p, n=12,...

Example: sequence of Bernoulli trials with success probability p.

Continuous Distributions

e Uniform distribution: X ~ U(a,b), with

Expectation: E[X] = %t Variance: Var(X) = (bzg)Q.

« Exponential distribution: X ~ Exp()\), with
flx)=Xe™* x>0.

Expectation: E[X] = 1, Variance: Var(X) = 5. Models waiting times, lifetimes, or
times between rare events. Memoryless property: P(T' >t +s | T > s) =P(T > t).

10
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Figure 1.2: Discrete distributions

Gamma distribution: X ~ Gamma(r, \), with
)\T‘
flz) = ——a e ™ >0,

where r > 0 (shape) and A > 0 (rate). Expectation: E[X] = {, Variance: Var(X) =
3z

Normal distribution: X ~ N (u,0?), with

flz) = ﬁexp(—%) .

Expectation: E[X]| = p, Variance: Var(X) = o2.
Chi-square distribution: X ~ x3, with

1
1@) = S /2)”

where k is the degrees of freedom. Expectation: E[X] = k, Variance: Var(X) = 2k.

e 1 >0,

S

Beta distribution: X ~ Beta(a, 3), with

Fa) = TOTD) oy e,

= x 0<z <,
INCIING)

where «, 5 > 0. Expectation: E[X] = o415 Variance: Var(X) = W
Useful for modeling proportions and probabilities.
Cauchy distribution: X ~ Cauchy(xg,~), with

1 1

fla) = ————=, —0o0o<uz<o0,
T r—T
T ()
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where z is the location and v > 0 the scale. Heavy-tailed distribution: expectation
and variance are undefined. Appears in physics (resonance) and as the ratio of two

standard normals.

« Lognormal distribution: X ~ Lognormal(u,c?), with

1
= exp| —
ro\ 2T P

(Inz — u)2>

202

z > 0.

0.2
Expectation: E[X] = e** 2, Variance: Var(X) = (e — 1)e*°°. Models skewed
positive data such as incomes, stock prices, and survival times.

Normal(0,1)

Exponential(A=1)
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Figure 1.3: Discrete distributions

Distribution PMF p(z) Support E[X] | Var(X) Applications
. p r=1 : : :
Bernoulli (p) {0,1} D p(1 —p) | Single trial: coin
l=p =0 cess/failure events
Binomial (n, p) (Z)pk(l —p)"F | k=0,1,....,n | np np(1 — p) | Number of successe
dependent trials
Geometric (p) (1—p)rip k=1,2, % Lp Number of trials
success
Poisson () e*)‘% E=0,1,2,... | A A Counts of rare ever
dents, defects, arri
Negative Binomial (7, p) (Hzfl)(l —p)Fp" | k=0,1,2,... @ r(;p) Number of failures
successes
Discrete Uniform (a, b) ﬁ a,a+1,...,b | o (bfag)tl Random integers, «

Table 1.1:

Summary of common discrete distributions.
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ToV 2T €

Distribution PDF f(z) Support | E[X] | Var(X) Applications
Uniform (a, b) = a<z<b|e (bzgﬁ Equal probabilities,
number generation
Exponential () e x>0 3 > Waiting times, |1
Poisson processes
Gamma (7, \) r/\(:) g e x>0 T 3z Waiting time for r-1
Bayesian stats
(z—p)?
Normal (p, 0?) \/2;76_ 202 reR 0 o? Heights, measuren
rors, CLT limit law
Chi-square (k) mxw%le*m/z x>0 k 2k Hypothesis testing,
inference
Beta (a, 3) FF((aa)JFr(ﬁﬂ)) M1 —2) | 0<e <1 | 55 W&BH) Modeling proj
Bayesian priors
Cauchy (zo,7) %W reR - - Physics (resonance
v tailed phenomena
(Inz—p)? a2 2 2
Lognormal (p, 0?) : 202 x>0 "2 | (77 — 1)e?*o” | Incomes, stock pri

vival times

Table 1.2: Summary of common continuous distributions.

1.3.1 Operations on Random Variables

Proposition 1.1 (Linear Transformations). If Y = aX + b, then

E[Y] =

aE[X] + b,

Var(Y) = a* Var(X).

Proposition 1.2 (Independent Random Variables). If X and Y are independent, then

E[X +Y] =E[X]|+E[Y],

Var(X +Y) = Var(X) + Var(Y),

E[XY] = E[X]E[Y].

Example 1.3. If X ~ Bin(ny,p) and Y ~ Bin(ns, p) are independent, then

X +Y ~ Bin(ny + ng, p).

Example 1.4. If X ~ Poisson(A\1) and Y ~ Poisson(\y) are independent, then

X +Y ~ Poisson(A + Ag).

Functions of a Random Variable

Let X be a random variable with pdf fx and cdf Fx(z) = P(X < ), and let Y = g(X).

If g is a strictly monotone differentiable function, then the pdf of Y is given by

fr(y) = fX(g_l (y))

13
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Example 1.5 (Celsius to Fahrenheit). Suppose the temperature in Celsius follows X ~
N (p,0?), and we define

Y=9(X)=aX+b (a=18,b=232).

Then
Y ~ N(ap +b, a’c?).

Remark 1.4 (Standardization). If X ~ N (u,0?), then

X —p
o g

Z

~ N(0,1).
This allows us to compute probabilities using the standard normal cdf ®:

Pla< X <b)=d("4) - o(%r).

(e

14



Chapter 2

Moment Generating and
Characteristic Functions

2.1 Moment Generating Function (MGF)

The moment generating function (MGF) is a powerful tool that allows us to compute
moments such as the expectation, variance, and higher-order moments (e.g., skewness,
kurtosis) through differentiation. Moreover, MGFs play a central role in probability theory
and statistics, particularly in proving limit theorems such as the Central Limit Theorem
(CLT).

Intuitively, the collection of moments uniquely characterizes the distribution in many
cases, in the same way that the derivatives of a function characterize it in a Taylor series
expansion. Thus, the MGF can be viewed as a “Taylor series for probability distributions”,
making it a fundamental and very useful concept.

Definition 2.1 (Moment Generating Function). Let X be a random variable. The mo-
ment generating function (MGF) of X is defined as

Mx(t) = E[e'¥], t € R such that E[e"*] < co.
For different types of random variables:

Z e p(x), if X is discrete with pmf p(x),
Mx (t) = zoo
/ e f(x)dwx, if X is continuous with pdf f(z).

Here, the parameter ¢t serves as a transform variable. In fact, the MGF is closely
related to the Laplace transform of the probability density function.

Theorem 2.1 (Moments from the MGF). If the MGF Mx(t) exists in an open interval
containing t = 0, then the n-th derivative of Mx(t) at t = 0 yields the n-th moment of X :

MP0)=E[X"], n=12,...

Proof. Starting from the definition,

Mx(t) = E[e"”] = E[i WQ“] :

|
n=0 n:

15



By exchanging the expectation and the series (justified if M (t) exists in a neighborhood
of 0),

OOtn

Mx(t) = > —E[X"].

|
n=o T

This is a power series expansion where the coefficients are precisely the moments of X.
Differentiating n times and evaluating at ¢t = 0 isolates E[X"]. O

2.2 Monotone Convergence Theorem (MCT)

The Monotone Convergence Theorem is one of the fundamental results in probability and
integration theory. It provides the conditions under which we can interchange a limit and
an expectation (or integral).

Theorem 2.2 (Monotone Convergence Theorem). Let (X,),>1 be a sequence of non-
negative random variables such that

Xi(w) < Xo(w) <--- < X(w) forallw,

and suppose that X, (w) T X(w) as n — oo. Then,

lim E[X,,] = ]E[lim Xn] _ E[X].

n—oo n—oo
Remark 2.1. This theorem guarantees that when we have an increasing sequence of
non-negative random wvartables, we may safely move the limit inside the expecta-
tion. This property is essential in probability theory — it allows us to justify steps like
interchanging expectations and infinite sums or limits, as we did in the proof of the MGF
theorem.

Remark 2.2 (Application of MCT in the MGF proof). In the proof of the previous
theorem, we wrote:

Mx(t) = E lg (ti)n] _ 20 f: E[X"]

Formally, this means that we interchanged the expectation and the infinite sum. To justify
this rigorously, we use the Monotone Convergence Theorem (MCT).
Indeed, fort >0 and X > 0, the partial sums

N
(tX)"
Sn = Z nl
n=0 :

form an increasing sequence of nonnegative random variables:
S1 <8 <o < et

Therefore, by the Monotone Convergence Theorem,

IE[ lim SN} — lim E[Sy].

N—o00 N—oo

This justifies the interchange between the limit (or the infinite sum) and the expectation.
For a general random variable X (not necessarily nonnegative), we can apply the same
reasoning separately to X+ = max(X,0) and X~ = max(—X,0).

16



Example 2.1. Let X,, = min(X, n) for a non-negative random variable X. Then X, 1 X
as n — o0o. By the MC'T,
lim E[X,]| = E[X].

n—o0

Thus, the theorem allows us to compute E[X] as the limit of expectations of the truncated
variables.

2.3 Dominated Convergence Theorem (DCT)

The Monotone Convergence Theorem applies only to increasing sequences of non-negative
random variables. The Dominated Convergence Theorem is a more general and powerful
result that works for bounded (not necessarily monotone) sequences.

Theorem 2.3 (Dominated Convergence Theorem). Let (X,,),>1 be a sequence of random
variables that converges almost surely to a random variable X. Assume there exists an
integrable random variable Y such that

| X (w)| <Y(w) foralln and all w.

Then:

lim E[X,]| = E[X].

n—oo
Remark 2.3. The function Y is called a dominating function. It provides a uni-
form bound ensuring that all X, are “controlled” in magnitude. This theorem justifies
interchanging limits and expectations when the sequence is dominated by an integrable
bound.

Example 2.2. Let X,, = X 1{xj<n}. Then X, = X almost surely and |X,| < |X|. If
E[|X]] < oo, then by the DCT:
E[X,] — E[X].

This means we can approximate an integrable random variable by truncated versions with-
out changing its expectation in the limit.

2.4 Connection to Convergence in L'

The DCT naturally leads to the concept of convergence in L' (mean convergence).
Definition 2.2 (Convergence in L'). A sequence of random variables (X,,) converges to
X in L' if

E[| X, — X|] — 0.

Proposition 2.1. If X,, — X almost surely and there exists an integrable random variable
Y such that | X,| <Y for alln, then X,, — X in L'. In particular,

E[X,] — E[X].

Remark 2.4. The Dominated Convergence Theorem is the key tool that bridges almost
sure convergence and convergence in L'. It ensures not only pointwise convergence but
also convergence of expectations.

17



2.4.1 Examples of MGFs
Example 2.3 (Bernoulli(p)). If X ~ Bernoulli(p), then

Mx(t) = E[e'*] = (1 — p) + pe'.
Example 2.4 (Poisson()\)). If X ~ Poisson(\), then
Mx (t) = exp(/\(et - 1))

Example 2.5 (Standard Normal N(0,1)). Let X ~ N(0,1). Its moment generating

function is

1 00
My(t) =E[e™) = = [~ e dr,

Completing the square in the exponent:

tr — 12* = —1(2® — 2tx) = —%((aj — 1) — tz),

S0

1
Mx (t e 2007 gy /2,

N

Since the integral is 1 (it is the pdf of a N'(t,1)), we obtain

Mx(t) =, teR.

2.4.2 Properties of MGFs

Proposition 2.2. Let X and Y be random variables. The moment generating function
(MGF) satisfies the following properties:

1) Normalization: Mx(0) = 1.

2) Uniqueness: If Mx(t) = My(t) for all t in a neighborhood of 0, then X and Y
have the same distribution.

3) Linear transformation: If Y = aX + b, then

My(t) = Bbt Mx(at)

4) Sum of independent variables: If X and Y are independent and their MGFs
exist (finite) for t in some neighborhood of 0, then

Mx .y (t) = Mx(t) My (t), for such t.

Proof. By definition,
Mx+y<t) = E[et(XJ“Y)} = E[etxety] .

Since X and Y are independent, the random variables e!* and e?¥ are also independent.
Hence, the expectation of their product equals the product of their expectations:

E[eXe”| = B[] B[] = Mx () My (b).
This equality holds for all ¢ in the neighborhood where both MGFs are finite. O
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2.5 Characteristic Function (CF)

The basic idea is to transform a random variable into a new space. Each random variable
has its own unique CF, and this mapping is one-to-one: if two random variables X; and
X5 have the same CF, then they have the same distribution.

Definition 2.3. The characteristic function (CF) of a random variable X is defined

by 4
ex(t) = E[e”X], t € R.

Explicitly,
S ep(x), if X is discrete,

ex(t)=q¢
[ e f(x)dx, if X is continuous.

Remark 2.5. Unlike the MGF, the characteristic function always exists, since
™| =1 for all X,t.

Remark 2.6. The CF is the Fourier transform of the probability distribution (or den-
sity). Conversely, the distribution can be recovered from the CF wvia the inverse Fourier
transform. This duality makes CFs a central tool in probability theory.

2.5.1 Examples of CFs
Example 2.6 (Normal Distribution). If X ~ N (0,1), then

ox(t) = exp(—%tQ) .

Example 2.7 (Characteristic function of an Exponential(\)). Let X ~ Exp(\) with
density fx(x) = \e ™ for x > 0 and X\ > 0. The characteristic function is

ox(t) = E[e’¥] :/ SN o — )\/ o~ =it g,
0 0

Since R(A —it) = X > 0, the integral converges and we obtain

A

Equivalently, by multiplying numerator and denominator by X + it,

@ AOEi X
T e T ere T ey
A? At

Thus the real part is Rpx(t) = and the imaginary part is Sex(t)

IS

1
Moments from derivatives. Using the derivative relation E[X*] = ?gog?)(()), we get
i

A+ 12

px(t) =AA—it)h P(t) = M —it) 7

hence



Also

2
Pty = =22 = i), g (0) = —33,
SO
EX2_1//0 //0_2
[ ]—23 % (0) _SOX()—ﬁa

and therefore

as expected.

Remarks.
o The CF px(t) = 3 j n exists for all real t (this is a general advantage of CF's over
MGFs).
o The MGF Mx(s) = E[e*X] exists only for s < X and satisfies Mx(s) = ox(—is) =
- for s < A.

2.5.2 Properties of CFs

The CF encodes all the moments of a distribution (when they exist). Expanding e
a Taylor series and interchanging sum /integral with expectation gives

T into

ex() =1+t BX] ~ £ x4+ O g4

Hence, the derivatives of px at ¢ = 0 recover the moments:

I &
E[XY] = 5 % (0).

Proposition 2.3. Let X be a random variable with CF px(t). Then:
(1) ¢x(0) = 1.
(ii) |px(t)] <1 for allt.

(i) If X and Y are independent, then ¢x 1y (t) = ox(t) py(1).

(iv) The distribution of X is uniquely determined by ox(t).

(v) ox(—t) = px(t) (complex conjugate symmetry).
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Chapter 3

Modes of Convergence

3.1 Introduction

In probability theory, various notions of convergence are used to describe how a sequence
of random variables (X,,),>1 behaves as it approaches a limiting random variable X.
When we say that X,, converges to X, we mean that the sequence (X,) becomes “closer
and closer” to X in some sense. However, the notion of “closeness” can be defined in
several different ways, leading to different types of convergence. Understanding these
distinctions is crucial for analyzing the asymptotic behavior of random variables.

The most common modes of convergence are:

o Almost sure convergence,

o Convergence in probability,
o Convergence in L7,

» Convergence in distribution.

Before introducing these types of convergence, we will first present several fundamen-
tal inequalities and lemmas, which serve as essential tools for proving limit theorems
in probability.

3.2 Fundamental Inequalities

The main idea behind these inequalities is to use partial information about a distribu-
tion—such as its mean or variance—to control the probabilities of extreme events, that
is, the likelihood that a random variable takes unusually large or small values.

In many situations, we may not have enough information to compute a desired quantity
exactly, such as the probability of an event or the expected value of a random variable. In
other cases, the problem may be too complex for an exact calculation. These inequalities
therefore provide general and powerful tools that allow us to obtain useful bounds and
approximations, even when an explicit solution is not possible.
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3.2.1 Markov’s Inequality

Proposition 3.1 (Markov’s Inequality). Let X be a non-negative random variable and
a > 0. Then

P(X >a) <

If E[X] is small, then the probability that X exceeds a large value a must also
be small. Moreover, as a increases, the ratio E[X]/a decreases, meaning that very
large deviations are increasingly unlikely.

Idea of the proof. For a discrete random variable:

EX] =) 2P(X=2)>) 2P(X =2)>ad P(X =z)=aP(X > a).
T r>a r>a

Dividing both sides by a gives the result. O]

Example 3.1. If E[X] = 10, then

10
P(X > 20) < — =1
( ) - 20 2
Example 3.2. Let X ~ Binomial(n,p). Using Markov’s inequality, find an upper bound

for
P(X > an),

where 0 < p < a < 1. Fvaluate the bound for p = % and o = %.

Proof. Since X > 0, we may apply Markov’s inequality to the nonnegative random vari-
able X (or to X/n). Note that

P(X > an) =F(% > a).

Markov’s inequality gives, for any nonnegative r.v. Y and a > 0, P(Y > a) < E[Y]/a.
Taking Y = X/n and a = «,

P(X > an) < E[X/n] _ E[X]

For a binomial X ~ Binomial(n, p) we have E[X] = np, so

P(X > an) < L
o
Numerical example. For p = § and o = 2,
PX > ) < 22 2 2 06667
3p) < L5 =2 = 0.6667.
— 47 =3/4 3
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3.2.2 Chebyshev’s Inequality

Chebyshev’s inequality is a direct application of Markov’s inequality to the squared devi-
ation from the mean.

Proposition 3.2 (Chebyshev’s Inequality). Let X be a random variable with mean p and
variance o*. Then, for any a > 0,

0_2

P(IX —pl=a) < 2

Idea of the proof. Let Y = (X — p)? and b = a®. Then

P(!X—ulza)zlP’(Yzb)gE[ l_o

b a?’

where we have applied Markov’s inequality to Y. O

Interpretation

If the variance ¢ is small (meaning that X exhibits little randomness), then the

random variable X is unlikely to deviate much from its mean pu.

Chebyshev’s inequality formally quantifies this idea: it shows that the probability
of X being far from its mean is limited by its variance. In other words, the smaller
the variance, the more concentrated X is around p. This matches our intuition that
the variance measures, on average, how far observations tend to lie from the mean.

Example 3.3. By Chebyshev’s inequality,

1
P(IX — pl = ko) < 2

For k = 3, this means P(|X — u| > 30) < & — regardless of the distribution of X.

1
9
Example 3.4. Let us continue example 3.2. Chebyshev’s inequality gives a bound that
improves with n.:

Var(X) — np(l—p)  p(l—p)

P 2 am) =P(X —np 2 nla =) < (305 = a0 =P = fa = p?

which tends to 0 as n — oo (provided o > p). Thus for large n Chebyshev (or Chernoff
bounds) give much sharper control than Markov’s inequality.

3.2.3 Cauchy—Schwarz Inequality

Theorem 3.1 (Cauchy—Schwarz Inequality). For any two random variables X and Y
with finite second moments, we have

[EXY]| < E[X?]E[Y?].

Proof. Consider the random variable Z = X — AY, where A is a real number. Since
E[Z?] > 0, we have

E[(X — AY)?] = E[X?] — 2AE[X Y] + N2 E[Y?] > 0.
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This is a quadratic inequality in A. For it to hold for all A, its discriminant must be
non-positive:

(—2E[XY])? —4E[X?E[Y? <0

Simplifying gives
[E[XY]] < E[X?]E[Y?].

Taking the square root on both sides yields the desired result. ]

Interpretation

The Cauchy—Schwarz inequality expresses a fundamental relationship between two
random variables. It states that the absolute value of their covariance (or correla-
tion) cannot exceed the product of their standard deviations.

Geometrically, it is analogous to the angle between two vectors not being smaller
than zero — it ensures that the “inner product” between X and Y is bounded by
their lengths in the L? space. Equality holds if and only if X and Y are linearly
dependent (i.e., X = aY for some constant a).

3.2.4 Jensen’s Inequality

Jensen’s inequality compares E[g(X)] and g(E[X]) when ¢ is a convex function.

Proposition 3.3 (Jensen’s Inequality). Let X be an integrable random variable and g a
convex function. Then

g(E[X]) <E[g(X)].

If ¢ is linear, then E[g(X)] = ¢g(E[X]). For convex g, the average of the transformed
values is at least as large as the transformation of the average.

Sketch of the proof. 1f g is convex, then for any ¢ and =,
g(z) = g(c) + g'(c)(x — c).
Taking ¢ = E[X] and applying the expectation gives
E[g(X)] 2 g(E[X]) + ¢'(E[X]) E[X — E[X]] = g(E[X]).
O

Example 3.5. « With g(z) = 2°, we get E[X?] > (E[X])?, confirming that variance
1S mon-negative.

o With g(x) = z*, we obtain E[X?] > (E[X])*.

o With g(x) = —logz (a convex function), we have —log(E[X]) < E[—log X], or
equivalently:
log(E[X]) = E[log X].
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To apply Jensen’s inequality, we first need to determine whether the function g is
convex. A practical way to check convexity is by using the second derivative.

Criterion for Convexity: A twice-differentiable function g : I — R is convex on the
interval I if and only if
g'(x) >0 forallzel.

Example 3.6. Let X be a positive random variable. Compare E[X®| with (E[X])* for all
real values of a € R.

Solution 3.1. We apply Jensen’s inequality with g(x) = z*, defined for x > 0.

e Ifa>1ora<Q0, then ¢"(z) = ala — 1)xz*2 > 0, so g is conver. By Jensen’s
inequality:

E[X] = (E[X]).

e If0 < a < 1, then ¢"(x) = ala — 1)x* 2 < 0, so g is concave. Therefore, the
inequality is reversed:

E[X°] < (E[X])".

This example illustrates how the sign of the second derivative determines the direc-
tion of Jensen’s inequality. When the function 2 is convex (a > 1 or a < 0), the
expectation of the power is larger. When it is concave (0 < a < 1), the inequality
is reversed.

3.3 Modes of Convergence

In this section, we discuss what it means for a sequence of random variables to converge.
Recall that, in any probability model, we have a sample space () and a probability measure
P. For simplicity, suppose that Q = {wy,wo, ... ,wx} is finite. A random variable X is a
mapping that assigns a real number to each possible outcome w;, i.e., X(w;) = z;.

When we have a sequence of random variables X7, X5, X3, ..., it is important to re-
member that each X, is a function

X, :Q—R.

Hence, for each w; € 2, we have a numerical sequence X,,(w;) = x,;. After the random
experiment is performed and one outcome w; occurs, we observe the real sequence

Xi(wj), Xa(wj), Xs(wj), -

and can ask whether it converges, and if so, to what limit.

Definition 3.1 (Almost Sure Convergence). A sequence of random variables (X,,) is said
to converge almost surely (a.s.) to a random variable X if

IP( lim Xn:X> =1,

n—o0

that is, if
P({w e Q: X,(w) & X(w)}) = 1.

We write X,, == X.
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Example 3.7. Let X be a real random variable and (a,) a sequence of real numbers such
that a,, — 0 as n — co. Define
X, = a,X.

Claim: X,, =% 0.
Proof. For each fired w € ), we have

Xp(w) = ap X (w).
Since a,, — 0 (a deterministic limit) and X (w) is finite for each w, the product a, X (w) —
0. Thus, for every w € Q, X,(w) — 0. Hence,
]P’({w c Xp(w) — 0}) =1,

which means X,, == 0. O

Theorem 3.2 (Sufficient Condition for Almost Sure Convergence). Let (X,,) be a sequence
of random variables and X a random variable. If for all € > 0,

Y P(IX, — X| >¢) < o,
n=1

then X, == X.

Remark. This result is a direct application of the **Borel-Cantelli Lemma™**, which
states that if 0% | P(A,,) < oo, then P(A,, infinitely often) = 0.

Example 3.8 (Illustration of the Theorem). Let X, = %, where Z is any integrable
random variable.

We show that X,, >3 0 using the theorem.

For any € > 0, we have

P(|X, — 0| > ¢) = P(|Z] > ne).

Since P(|Z| > ne) decreases to 0 as n — oo and

iIP’(|Z] > ne) < 00

n=1

(because E|Z| < oo implies this tail sum is finite by Markov’s inequality), the condition
of the theorem holds. Hence, by the theorem, we conclude that

Zas
X, =2 250,
n

O

Summary. Almost sure convergence is the strongest mode of convergence for random
variables. It requires that the sequence of values X, (w) converges pointwise for all w in a
set of probability one.
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3.3.1 Convergence in Probability

Definition 3.2 (Convergence in Probability). A sequence of random wvariables (X,,) is
said to converge in probability to a random variable X, written

X, & X,

if for every e > 0,
lim P(|X,, — X| >¢) =0.

n—oo

Convergence in probability means that as n increases, the random variable X,
becomes closer to X with high probability. Small deviations may still occur, but
they become increasingly rare as n grows.

To better understand this, recall the ordinary convergence of a sequence of real numbers

(an):

a, - a <= Ve>0, Ingsuch that n > ny = |a, —a| <e.

In the probabilistic setting, we replace numbers with random variables. For convergence
in probability, we require that for any fixed ¢ > 0, the probability of large deviations,
P(|Y,, — a| > €), becomes smaller and smaller as n increases. Geometrically, the mass of
the distribution of Y,, concentrates more and more tightly around a.

Remark 3.1 (Properties). Convergence in probability shares similar properties with or-
dinary convergence. If X,, 2 a and Y, 2 b, then:

o If g is continuous, then g(X,) 2 g(a) (e.g., if X, 2 a, then X2 % a?).
e Xu+Y, L a+b.
o X, D ca for any constant c.
Example 3.9 (Simple Discrete Case). To show convergence in probability, we usually:
1. Guess the candidate limit.
2. Compute or bound Pr(|Y, — Y| > ¢).
3. Show that it tends to 0 as n — 0.

Let

" n?,  with probability *.

{O, with probability 1 — %,
Fize > 0. Then

1
Pr(|Y,, —0| >¢) =Pr(Y, =n*)= - =0 asn— oo.
n

Hence, Y, 5 0.
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Example 3.10. Let X, = X + %, where X 1s a random variable. Then
1 1
P(|X, — X| > ¢) :P( zg> =0, foralln>-.
n

Thus, X, = X.

Example 3.11. Let X,, ~ Exponential(n). We show that X, 2 0. Recall that for an
exponential random variable with rate n,

Pr(X, >¢)=e".
Then,
Pr(| X, —0/>¢)=Pr(X,,>¢)=€e"™ =0 asn— oc.
Therefore, X,, 2 0.
Example 3.12. Let X be a random variable, and let X, = X +Y,,, where

2

1
E[Y,] ==, Var(¥,) = 7

n

for some constant o0 > 0. By Chebyshev’s inequality,

- Var(Y,) o?

Pr([Y, — 1| >¢) = —

Hence, Y, 2 0, and therefore X, = X +Y, & X.

3.3.2 Convergence in L?

Definition 3.3 (Convergence in LP). Let p > 1. A sequence of random variables (X,,) is
said to converge in LP to X if

Jiy B[J%, P =o.

We write X, X

Convergence in LP means that the expected distance between X,, and X, measured
in the p-norm, becomes arbitrarily small. In other words, on average, X,, gets very
close to X, and large deviations contribute less and less to the expectation.

One way to interpret convergence is in terms of the “distance” between random variables.
For instance:

o If we define the distance as P(|.X,, — X| > ¢), we obtain convergence in proba-
bility.

o If we define the distance as E(| X,, — X|?), we obtain convergence in L? (also called
convergence in mean of order p).

The most common special cases are:
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o p=1: convergence in mean (or mean absolute convergence);
e p = 2: convergence in mean square (or mean-square convergence).

Example 3.13. Let X,, = X, where E[|X|P] < co. Then
1
E[| X, — 0] = — E[[X|"] =0,
npk

P
so X, — 0.

Example 3.14. Let X,, ~ Uniform(0, %) We show that X, 25 0 for any p > 1.
1
Since E|| X, || = —————, it follows that
Xl = o 6

1
EHXH_OM:W—)O as n — 0o,
p n

and hence X, 2.

Theorem 3.3. Let 1 <r <s. If X, LN X, then X, LiNS'S

Idea of proof. Since |xz|” < 1+ |z|® for all z, the sequence {|X, — X|"} is dominated by
an integrable random variable when E[|X,, — X |*] < co. Applying Holder’s inequality and
taking limits shows that

E[| X, — X|"] — 0.

3.3.3 Convergence in Distribution

Definition 3.4 (Convergence in distribution). A sequence of random variables (X,,) is
said to converge in distribution (or in law) to a random variable X if

lim Fx, () = Fx (),
for all points x at which the cumulative distribution function Fx is continuous. We write

this as
X, 4 X or X, £ X,

Convergence in distribution means that the distributions of X,, approach the dis-
tribution of X. It focuses only on the behavior of the CDFs, not on the random
variables themselves. This is the weakest form of convergence — it does not require
that X,,(w) converges to X (w) for each outcome w.

Convergence in distribution is therefore the weakest mode of convergence. It simply
states that the CDF of X, converges to the CDF of X as n — oo. Unlike convergence in
probability or almost sure convergence, it does not require any relationship between X,
and X on the same probability space.
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Example 3.15. Let X,, ~ Binomial(n,A\/n) for n € N, with A\ > 0 fized. Then, as
n — oo,

X, % Poisson(\).
Indeed, the Binomial distribution with parameters (n, A\/n) approximates the Poisson dis-

tribution when n is large and the success probability \/n is small.
Example 3.16. If X,, ~ N(0,1/n), then as n — oo,
X, %0,
because the variance tends to zero, and the distribution of X,, becomes increasingly con-
centrated at 0.

Example 3.17. Let Xy, X3, X4, ... be a sequence of random variables whose cumulative
distribution functions are, for each n > 2,

FXn(x):{l_(l_’lJ . x>0,

0, x < 0.
Show that X,, converges in distribution to an Exponential(1) random variable.

Proof. Let F(x) =1—e " (z € R) be the CDF of Exp(1). We will show that for every
fixed x € R,

If # <0, then Fx, (z) = 0 for every n, and F(z) =1—e™® = 1 — e~ (50, In particular
F(z) =0 when x < 0. Hence the convergence holds for z < 0.

Now let > 0. Using the identity (1 — %)"‘” = exp (m: log(1 — %)) and the expansion
log(1 —t) =—t+o(t) as t ] 0, we get

Jing nlog (1= 1) = iy n( = 5 +0(3)) = -1
Multiplying by = and exponentiating yields

lim (1 - %)m = exp(T}LHgO nxlog(l — %)) =exp(—z) =€ ".

n—oo

Therefore
lim Fy, () = lim (1= (1=24)"™) =1-¢7" = F(x).

Since the limiting CDF F' is continuous for every x € R, pointwise convergence of
Fx,(x) to F(x) for all z implies convergence in distribution:

X, % Exp(1).
[

We end this section by presenting a version of the Continuous Mapping Theo-
rem, which is often useful when proving the convergence of random variables through
transformations.

Theorem 3.4 (Continuous Mapping Theorem). Let (X,,) be a sequence of random vari-
ables, and let h : R — R be a continuous function. Then, the following statements hold:

LI X, % X, then h(X,) S h(X), n=1,2,--.
2. If X, = X, then h(X,) = h(X).
3. If X, 255 X, then h(X,) =5 h(X).
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3.4 Relationships Between Modes of Convergence

x, % xj—{x, 4 x]

X, 2 x

In general: X, %5 X = X, 5 X = X, 4 X

and X, & X = X, & Xx.

Summary

o Almost sure convergence = convergence in probability = convergence in dis-
tribution.

o Convergence in L? also = convergence in probability.

o The converses generally do not hold.

\. 4

Proposition 3.4. Almost sure convergence implies convergence in probability:
X, ¥ X = X, DX
Proof. Fix ¢ > 0 and define the indicator random variables
Yo = 1yx,—x|>¢}

If X,, = X almost surely, then Y, (w) — 0 for almost every w (because for almost every w
there exists N(w) such that | X, (w) — X(w)| < e for all n > N(w)). Moreover 0 <Y, <1
for all n, so the dominated convergence theorem applies. Hence

P(|X, — X| > ¢) = E[Y,] =2 0.
Since this holds for every ¢ > 0, we conclude X, 5 X. O

Remark 3.2. This shows the chain of (standard) implications
X, 2 X = X, 52X = X,%X,
and that almost sure convergence is stronger than convergence in probability.

Proposition 3.5. Convergence in LP implies convergence in probability:
X, 5x = Xx,5X

Proof. Recall X,, 2% X means E[|X,, — X|] — 0 for some p > 0. For any £ > 0, Markov’s
inequality (applied to the nonnegative random variable | X,, — X |P) gives

El| X, — X]?
P(| X, — X|>¢)=P(| X, — X >&P) < Hp”.
S
Since E[|X,, — X|?] — 0, the right-hand side tends to 0; hence P(|X,, — X| > ¢) — 0 for

every € > (. This is exactly X, 5 x. O]
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Proposition 3.6. Convergence in probability implies convergence in distribution.:
P d
X, - X = X,=-X

Sketch of proof. Let F, and F denote the distribution functions of X,, and X, respectively.
Fix x at which F is continuous. For any 6 > 0,

P(X, < 1) <P(X < z+6)+P(X, — X| > 0),
P(X, < 1) >P(X <z —68) — P(|X, — X| > 0).

Indeed, on the event {|X, — X| < ¢} we have {X,, < z} C{X <2+ 4} and {X <
z— 6} C{X, < x}. Since X,, & X, P(|X,, — X| > 6) — 0 for each fixed § > 0. Taking
lim sup and lim inf as n — oo and then letting ¢ | 0, using the continuity of F' at x, yields

lim F,(z) = F(x).

n—oo

Since this holds for every continuity point = of F', we conclude X, NS¢ O

Thus convergence in probability is stronger than convergence in distribution (i.e., it
implies it). The converse need not hold in general, as the following example shows.

Example 3.18 (Counterexample: convergence in distribution does not imply convergence
in probability). Let {X,}n>1 be an i.i.d. sequence with X,, ~ Bernoulli(3) for every n. Let
X be another Bernoulli(3) random variable independent of the whole sequence (X, )p>1.
Then for each fized n the law of X,, equals the law of X, hence

X, 5 X (trivially, since the finite-dimensional distributions coincide).
However X,, does not converge to X in probability. Indeed, for 0 <e < 1,
P(|X, — X| >¢) =P(X, # X) :%

for every m, so this probability does not tend to 0. Therefore X, ;Pé X.

A useful special case where convergence in distribution does imply convergence in
probability is when the limiting random variable is a constant.

Theorem 3.5. If X, LN for some constant ¢ € R, then X, 5.

Proof. Let ¢ > 0 be arbitrary and consider the open interval G = (¢ — ¢,¢ + ¢). The
degenerate random variable ¢ satisfies P(c € G) = 1. By the Portmanteau theorem
(or using the elementary CDF argument at the continuity points ¢ & €), convergence in
distribution implies

liminf P(X,, € G) > P(ce G) = 1.

n—o0

Hence P(|1X,, — ¢ < £) = P(X,, € G) — 1, which is exactly X,, = c. O

Proposition 3.7 (Relationship between almost sure and L? convergence).

o In general, almost sure convergence does not imply convergence in LP.
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o Convergence in LP does not necessarily imply almost sure convergence.
Nevertheless, the two notions can coincide under certain conditions.
Theorem 3.6 (Sufficient conditions for the link).

1. If X,, == X and {|X,|P} is uniformly integrable, then

X, 2 x.

2. Conwversely, if X, LN X, then there exists a subsequence (X, ) such that

X 255 X

Sketch of proof. (1) By the dominated convergence theorem: If X, — X almost surely
and |X,,|P <Y for some integrable random variable Y (i.e. E[Y] < 00), then

E[| X, — X|?] — 0,

which is convergence in L”.

(2) Conversely, suppose X, > X. Then E[|X,, — X|?] — 0. By the Markov inequality
and Borel-Cantelli lemma, one can extract a subsequence (X, ) such that

> P(|X,, — X|>¢e) <oo
k

for all € > 0, implying X,,, == X. O
Remark 3.3. We summarize the hierarchy of convergence modes:
X, 5HX = X, 5x = X, %X

Almost sure convergence is stronger than convergence in probability, but weaker than LP
convergence only under integrability conditions.
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Chapter 4

Limit Theorems

4.1 Introduction

Limit theorems are fundamental results in probability theory. They describe the asymp-
totic behavior of sequences of random variables—particularly sums and averages of inde-
pendent and identically distributed (i.i.d.) random variables.

These theorems form the theoretical foundation of statistics and stochastic mod-
eling, as they justify the use of sample averages and provide the basis for statistical
inference. In this chapter, we introduce the most important limit theorems and discuss
their practical importance.

4.2 Weak Law of Large Numbers (WLLN)

The Law of Large Numbers (LLIN) plays a central role in both probability and statis-
tics. It states that if we repeat an experiment independently a large number of times
and compute the average result, this average will be close to the expected value of the
underlying random variable.

There are two main versions of this theorem:

o the Weak Law of Large Numbers (WLLN), and
 the Strong Law of Large Numbers (SLLN).

Although their conclusions are similar, the difference lies in the mode of convergence:
the weak law involves convergence in probability, while the strong law involves almost sure
convergence.

In this section, we focus on the weak form.

4.2.1 Definition

Let X1, X5, ..., X, beii.d. random variables. The sample mean is defined as
_ 1
X,=—-) X,

Since each X, is a random variable, the sample mean X, is also a random variable.
Its expectation and variance are given by

B[X,) =E[X]=p  Var(X,)= 2 _

n n
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where p = E[X;] and 0% = Var(X;).

4.2.2 Statement

Theorem 4.1 (Weak Law of Large Numbers). Let X7, Xo, ...
with
E[X;]=p and Var(X;) =o? < co.

Define the sample mean

Then
X, 5
Proof (Using Chebyshev’s Inequality) We have

02

E[X,] = u, Var(X,,) = —.
By Chebyshev’s inequality, for any € > 0:

(Ko ) < Vi) _

g2 ne?

As n — o0, the right-hand side tends to 0. Hence,

X, 5 .

be i.i.d. random wvariables

O

Interpretation The Weak Law of Large Numbers guarantees that the sample mean is
a consistent estimator of the true mean p. As the sample size n increases, the average
of the observations X,, becomes arbitrarily close (in probability) to the expected value p.

In simple terms:

The average of a large number of independent and identically distributed ran-

dom variables converges to their expected value.

Example. How many times must we toss a fair coin in order to ensure that the sample
average of the number of tails is within 0.1 of % with probability 0.997
Solution. Let X; be the indicator random variable of obtaining a tail on the 7th toss:

_ )1, if the ith toss is a tail,
o 0, if the ith toss is a head.

Since the coin is fair, we have E[X;] = } and Var(X;) = 1.
Let the sample average be

— 12

According to the Weak Law of Large Numbers (WLLN), for any € > 0,

_ Var(Xy) 1

P (|X, — E[X)]| > ¢)
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We want this probability to be at most 0.01, that is,

—— <0.01.
An(0.1)2 =

Solving for n gives
1 1

> =
"= %001 x (0.2 0.0004

Conclusion: We must toss the coin at least times to ensure that the sample
average of tails is within 0.1 of % with probability 0.99.

Interpretation: This result means that if we toss a fair coin 2500 times, the relative
frequency of tails will almost certainly lie between 0.4 and 0.6. In other words, although
randomness affects individual tosses, when the number of tosses is large, the sample
average becomes very close to the theoretical probability %

= 2500.

4.3 Strong Law of Large Numbers (SLLN)

4.3.1 Introduction

The Strong Law of Large Numbers (SLLN) is a stronger version of the Weak Law.
While the WLLN states that the sample mean converges to the expected value in proba-
bility, the SLLN guarantees a much stronger type of convergence: almost sure conver-
gence.

In other words, the SLLN ensures that the sequence of sample means X,, converges
to the true mean g with probability 1. This result provides a rigorous mathematical
justification for the intuitive idea that, in the long run, the average outcome of repeated
experiments will almost surely approach the expected value.

4.3.2 Statement
Theorem 4.2 (Strong Law of Large Numbers). Let X, Xo, ... be i.i.d. random variables

with
E[X;]=p and Var(X;) =o? < co.
Then |
D o) N
n =1
that is,

4.3.3 Discussion

The condition E[|X;|] < oo (or equivalently Var(X;) < oo) ensures that the random
variables have a finite mean. This theorem tells us that for almost every outcome w in
the sample space, the sequence X, (w) eventually stabilizes around .

In contrast with the WLLN, which only gives convergence in probability, the SLLN
provides a much stronger guarantee:

“With probability one, X,, converges to f.]
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Proof We give the standard proof by truncation combined with the Borel-Cantelli
lemma. Without loss of generality assume p = 0. (If 4 # 0 apply the argument to X; — pu.)

1. Truncation. For each n > 1 define the truncated variables
Yn = Xn 1{\Xn\§n}7 Zn = Xn — Yn = Xn 1{\Xn\>n}-

Thus X,, =Y, + Z,,. We shall prove
1 - a.s. 1 - a.s.
> Y =0 and - Zpy 0,
"= =

which together imply the result.

2. The large jumps occur only finitely often (Borel-Cantelli). Since the X}, are
i.i.d., for each n,
P(|X,| > n) =P(|X1| > n).

Using the layer-cake representation (or Tonelli’s theorem),
E[lXi)) = [ B(X| > t)dt

and therefore -
S P(Xy| > n) < /0 P(|X:| > t) dt = E[|X,]] < oo
n=1

Hence - -
Y P(IX,| > n) => P(IXi] > n) < co.

n=1 n=1

By the (first) Borel-Cantelli lemma, with probability one only finitely many events
{|Xn| > n} occur. Thus almost surely

Zn = Xp1yx,>ny = 0 for all sufficiently large n,
and consequently
1 - a.s
— > Zpy 0,
=1

because the numerator is eventually constant (a finite sum of finitely many nonzero Zj)
while the denominator diverges.

3. Centered truncated variables. Set

Y, =Y, — E[Y,].
Note E[Y,] = 0 and the Y, are independent (since the Y, are). We will prove
1 NS a.s.
=1

To this end we use the Kolmogorov (or Chebyshev—Kolmogorov) criterion based on
variances. Compute

Var(Y,) = Var(Y,) < E[Y?].
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We claim that -

n=1

< 00.

Indeed,
2

n TL2
B2 = E[XPxen] = [ P(XE >t [Xi| <n)dt< [0 P(X0] > VE)at
< : ;
Changing variables u = NG gives
E[Y?] < 2/ wP(|X1| > u) du.
0

Now use Fubini / summation by parts (or compare the integral with the tail-sum): since
E[|X1|] < oo, the function u — P(]X;| > u) is integrable on [0, c0) and the integral above
grows sub-quadratically in n. In particular one obtains the useful bound (standard and
routine to verify)

E[V?]

n

E[Y;?] = o(n?), and moreover > < 00

n=1 TL2
(If desired, one can make this step fully explicit by splitting the integral into dyadic blocks
or using summation by parts; details are standard in textbooks.)

Given the summability of Var(Y;,)/n?, Kolmogorov’s strong law for independent mean-
zero variables (or the following direct application of Kolmogorov’s inequality plus the
Borel-Cantelli lemma) shows
> B

n=1

> Y

k=1

> €n> < oo for each € > 0.

By Borel-Cantelli again, for each € > 0 the event \2’,;:1 17;.:’ > en occurs only finitely
often a.s., which is equivalent to

1 S a.s
-V, =50,
N =1
4. Putting pieces together. We have shown
1 n a.s 1 L. a.s.
*ZZk%O and *ZY]@ = 0.
= =1
Finally,
> V= S Tk SR
—_ k= — k — k|-
=1 =1 =1
But E[Y;] — E[X;] = 0 as k — oo (dominated convergence), so
1 n
— Y E[Yi] — 0.
=

Therefore %22:1 Y, &5 0.
Combining with the result for Z gives

1 & R 1
=N X == Y+ > Zp =50,
n N L LA

which is the SLLN for mean u = 0. As noted at the start, this implies the general
statement for arbitrary finite mean pu.
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4.3.4 Interpretation

The Strong Law provides the theoretical foundation for the empirical idea that:

If we repeat an experiment under the same conditions an infinite number of
times, the average of the results will almost surely equal the true expected value.

For example, if X; represents the result of a fair coin toss (1 for heads, 0 for tails),

then the SLLN ensures that: | .
;==

That is, the proportion of heads in a large number of tosses will almost surely approach
1/2.

4.3.5 Comparison Between WLLN and SLLN

Property WLLN SLLN

Type of convergence | In probability Almost surely

Strength of result Weaker Stronger

Consequence X, is close to g with high probability | X, — p with probability 1

Typical proof method | Chebyshev’s inequality Kolmogorov’s or Borel-Cantelli lemn

4.3.6 Remarks
e The SLLN implies the WLLN, but not the converse.

e The assumption of finite variance can sometimes be relaxed, depending on the ver-
sion of the theorem.

e The SLLN provides a mathematical justification for using long-run averages in prac-
tical estimation.

Example. Suppose we toss a fair coin repeatedly. Show that the proportion of tails
converges almost surely to %
Solution. Let X; be the indicator random variable for obtaining a tail on the ¢th

toss:
B {1, if the 7th toss is a tail,

0, if the ith toss is a head.
Then E[X;] = 1 and Var(X;) = 1.

Define the sample average as

X, =

S X,
=1

According to the Strong Law of Large Numbers (SLLIN), if { X;} are i.i.d. random
variables with E[|.X;|] < oo, then

X, 25 E[X,).
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Hence, in our case,
1

X, & 3

Interpretation. This means that as the number of coin tosses increases indefinitely,
the proportion of tails converges to % almost surely, i.e., with probability 1. Even though
random fluctuations occur for small n, in the long run, the relative frequency of tails
stabilizes around the true probability of %

Numerical Illustration. If we perform n = 103, 10, 10° tosses and compute X ,,, we
would observe values successively closer to 0.5. This illustrates that the SLLN provides
a much stronger result than the WLLN: it guarantees convergence not just in probability
but almost surely.

Strong Law of Large Numbers (SLLN): Fair Coin

Ll
(=1

— Sample average
o | == Truemean=05
o
LS -
o

04

Sample average of tails
a3
1

0z

0.1

0.0
I

T T T T T T
1} 2000 4000 6000 8000 10000

Mumber of tosses {n)

Figure 4.1: Stron Law of Large Numbers

Figure 4.1 shows the sample mean of 10000 Bernoulli trials. We see it converges to
the expected value 0.5 as n increases.

4.4 Central Limit Theorem (CLT)

The Central Limit Theorem (CLT) is one of the most important results in probability
theory. It states that, under certain conditions, the sum of a large number of random
variables is approximately normally distributed.

Theorem 4.3 (Central Limit Theorem). Let X, Xy, ... be i.i.d. random variables with

mean 1 and variance o € (0,00). Define the normalized sum
Z — Z?:l X’L —nu
" oyn

Then

Zy 5 N(0,1).

4.4.1 Interpretation

The CLT tells us that the distribution of the normalized sum of i.i.d. random variables
approaches the standard normal distribution as n grows. This provides the theoretical
justification for the normal approximation widely used in statistics.
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A remarkable fact about the CLT is that it holds regardless of the original distribution
of the X;’s — whether discrete, continuous, or mixed.

Why normalization is necessary. We could have looked directly at Y,, = X; + X5 +
-+ 4+ X,,, but this sum has
E[Y,] = nu, Var(Y,) = no?,

which both diverge as n — oco. To obtain a limiting distribution with finite mean and
variance, we normalize Y,,:
_ Y, —E[Y,] Y,—nu

Zn

Var(Y;,) o/n

Then E[Z,] = 0 and Var(Z,) = 1, so the sequence {Z,} remains well-behaved as n
Increases.

Practical importance. The CLT is fundamental because many real-world quantities can
be expressed as the sum of many independent random effects. Hence, even when individual
components are not normally distributed, their aggregate often is approximately normal.
This explains why the normal distribution appears so frequently in practice.

« In laboratories, measurement errors are often modeled by normal random variables.
e In communications and signal processing, Gaussian noise is a common assumption.

e In finance, log-returns or price changes of some assets are sometimes modeled as
normal.

o In statistics, when random sampling is used to estimate population parameters, the
sample mean is approximately normal by the CLT.

The CLT is also extremely useful because it simplifies computations. If a variable of
interest is the sum of a large number of i.i.d. random variables, directly computing its
distribution is usually intractable. However, the CLT allows us to approximate it imme-
diately by a normal distribution once we know p and o2

How large should n be? The quality of the normal approximation depends on the
distribution of the X;’s. As a rule of thumb, if n > 30, the approximation is typically
quite accurate.

4.4.2 Example: Binomial Approximation
If X; ~ Bernoulli(p), then > | X; ~ Binomial(n, p). By the CLT,

n X, —
i X~ £ N(0,1).

np(l —p)

This justifies the normal approximation to the binomial distribution when n is large and
p is not too close to 0 or 1.
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4.4.3 How to Apply the CLT
To apply the CLT in practice:

1. Write the random variable of interest as a sum of i.i.d. variables:
Y=X1+Xo+- -+ X,.
2. Compute its mean and variance:
E[Y] = npu, Var(Y) = no?.

3. By the CLT, the standardized version
Y —-E[Y] Y —nu

Var(Y) ovn
is approximately standard normal.

4. Therefore, for any y; < ys,

Y2 — N Y1 — np
P <Y < ~ o —d
(yl_ _92) (O’\/ﬁ) (O’\/ﬁ)j

where ® denotes the CDF of the standard normal distribution.

4.4.4 Example: Service Time at a Bank

A bank teller serves customers one by one. Suppose the service time X; for customer ¢
has mean E[X;] = 2 minutes and variance Var(X;) = 1. Assume the service times are
independent.

Let Y be the total service time for 50 customers. Then:

E[Y] =50 x 2 =100,  Var(Y) =50 x 1= 50.

We want to find
P(90 < Y < 110).

By the CLT,
Y — 100
7 = ~ N(0,1).
=5 (0,1)
Hence,

90 — 100 110 — 100
POO<Y <110) =P| ——— <2< —— | =P(—-141 < Z < 1.41).
( =#(* ) =F )

From standard normal tables,
O(1.41) — (—1.41) = 2P(1.41) — 1 =~ 2(0.9207) — 1 = 0.8414.

Therefore,

P(90 < Y < 110) ~ 0.8414.
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4.4.5 Summary

« WLLN: X,, — u in probability.
o SLLN: X, — u almost surely.

o CLT: Properly normalized sums converge in distribution to N (0, 1).

Figure shows the distribution of the sum of 30 Bernoulli(0.5). The histogram is
well-approximated by a normal distribution.

Central Limit Theorem (n=30)

Density

000 002 004 006 008 010 012 014

5 10 15 20 25

Sum of Bernoulli(0 5)

Figure 4.2: Hlustration of the Central Limit Theorem.
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