Ex 1

Inequalities and Modes of Convergence

. Let X ~ Exponential(A), A > 0. Using Markov’s inequality, find an upper bound

for P(X > a), where a > 0, and compare it with the exact value.

- Using Chebyshev’s inequality, find an upper bound for P(|X — EX| > b), b > 0.

. Let X ~ Geometric(p) with P(X = k) = (1 —p)1p, k=1,2,...

Using Markov’s inequality, find an upper bound for P(X > a), where a is a positive
integer, and compare with the exact value.

Using Chebyshev’s inequality, find an upper bound for P(|X — EX| > b).

. The number of customers visiting a store during a day is modeled by a random

variable X with mean EX = 100 and variance Var(X) = 225. Using Chebyshev’s
inequality, find an upper bound for

P(X <80 or X > 120).
Let X be a positive random variable with EX = 10. Discuss:

E[%ﬂ} E[e/™HV] ) E(In(X'?)).

Ex 2 Let (X,,) be a sequence of random variables on the same probability space.

1 a.s.
. Let X,, = —. Show that X,, — 0.
n

Define

—_

1
,  with probability —,
0, with probability 1 — —.
n

Show that we have convergence in probability but not almost surely.

Ex 3
Let X be a random variable with E[X] = 10 and Var(X) = 4.

1.

2.

Use Chebyshev’s inequality to find an upper bound for P(|X — 10| > 3).

Interpret the result.



. Let X,, ~ Exponential(n). Show that X,, 2 0.

. Consider a sequence {X,,,n =1,2,3,...} such that

1 1
——, with probability —,
-, with probability —.
0 2
Show that X,, = 0.

1
. Let Xy, X5, X3,... be independent random variables such that X,, ~ Bernoulli (—)
n
for n = 2,3,.... Check whether X,, % 0.

. Let X1, X5, X3,... be a sequence of random variables such that
(A
X, ~ Geometric| — |, n=1,2,3,...,
n
where X\ > 0 is a constant. Define a new sequence Y,, as
1
Y,=-X,, n=12,3,...
n

Show that Y, converges in distribution to Exponential(\).

. Let Xy, Xy, X3, ... beiid. random variables with distribution Uniform(0, 1). Define
the sequence
Yn = min(Xl,XQ, e 7Xn)

Prove the following convergence results independently (do not derive weaker con-
vergence from stronger ones):

(a)

(b)

(c) Y, 250, for all 7 > 1,

(d) Y,

. Let X1, X5, X3,... be a sequence of random variables such that
X, ~ Poisson(n)), n=1,2,3,...,

where A > 0 is a constant. Define

1
Y,=-X,, n=123...
n

Show that Y, converges in mean square to \, i.e. Y, —=3 .

. Let X,, ~ N(0,1/n). Show X, 50 (the degenerate law at 0) and that X, Lo
Does X, == 07



